This paper investigates the optimal government spending ratio on the research sector by introducing government effects into Romer's endogenous model. The government spending has positive effects on both the final-output sector and the research sector. Under this circumstance, we first show that there exists a minimum government spending proportion to maintain endogenous growth and there are two optimal spending ratios on the research sector given a constant government proportion. Then we analyze how the government chooses between these two ratios. When the government is interested in the balanced growth rate, it will always choose the high spending ratio on the research sector. But since there is a dynamic transition process in our model, short-run welfare must be taken into the government's account. If the stock of endowed knowledge is much more than that of endowed physical capital, then the government will choose the low spending ratio on the research sector.
incorporates a public sector into a simple constant-returns model of economic growth and shows how familiar externalities of government spending drive the economy to grow. So this paper investigates the effects of government spending on Romer's economy and presents that government spending helps not only in the final-output sector but also in the research sector. Hence there are interesting choices about the spending ratios on both sectors. Section 2 below presents the whole model of the paper. The first part of it introduces government spending into Romer's model, and gets the optimal dynamic path. The second part then analyzes the balanced growth path, and shows how government chooses spending ratio on the research sector if the equilibrium growth rate is the interest of it. The last part takes short-run analysis into account because there is a dynamic transition process in the model, and derives the relation between government spending ratio on the research sector and the ratio in specific form of endowed stock of knowledge and endowed physical capital. Romer (1990) [1] described four basic inputs are used in the final-goods sector to produce the final outputs: physical capital, human capital, labor and an index of the level of the technology. Unlike other models, Romer disaggregates physical capital into an infinite number of distinct types of producer durables, and thus assumes that it takes η units of K to create one unit of any type of durables. So the final outputs Y is expressed as a function of human capital devoted to final output H Y , labor L, and the producer durables x. In the research sector, only the human capital devoted to research H A and the existing stock of knowledge A are used to produce new knowledge. A new knowledge is used to design a new producer durable.
The Model

Description of the Model
Setup of the Model
In our model, the modification of Romer's model is based on two important premises. First, we assume that government spending can be used into two sectors: the final-goods sector and the research sector, and is a constant proportion of the output. Let 2 G and 1 G denote the spending on these two sectors respectively, then 1 2
where g is the constant expenditure proportion.
Second, we do not distinguish human capital and physical labor, and the supply of the labor is constant, denoted as H. So our production function of the final-goods is supposed to be
And the aggregate stock of designs evolves according to 
Then we get optimization problem for the central planner
To solve this problem, we use the Hamiltonian ( )
where λ, μ are the co-state variables for K and A respectively. Then the optimal solution is given by
Equations (1) to (6) show the optimal dynamic process of the model. and that between consumption and physical capital are also constant,
Analysis of the
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Analysis of the Optimal Spending Ratio on the Research Sector
From differentials of Equations (7) and (8), we have ( )
It follows that on the balanced growth path, u, and A H changed in the same direction. So more government spending on the research sector will not squeeze out the labor supply on the research, but incent more labor to research. The
depend on the sign of Δ. From Equations (7) and (8), the planner chooses optimal ratio of the spending u according to
Since the left part of the equation has a maximum, to make sure there exists an optimal u, the government spending ratio g must satisfy If the consumer becomes more patient about future, and the labor supply increases, the minimum government spending will be lower. First, more patient consumer will save more. Second, labor supply in our model has the same effect as government spending does, thus not only help product but also help design.
So the country with more patience and more labor supply will depend less on the government spending to maintain endogenous growth.
There are two solutions that satisfies (9) if g is strictly larger than min g , denoted by , u u , and u u < . This can easily be seen from Figure 1 .
More government spending will increase the spending proportion and labor supply on the research sector, thus brings a higher growth rate.
More government spending will decrease the spending proportion and labor supply on the research sector, thus bring a lower growth rate.
If the government chooses the higher spending ratio on the research sector, there is a complement between the overall government spending proportion and the spending ratio on the research sector. So the overall government spending ratio will drive the economy to grow fast, and thus has a trend of increase. On the other hand, when the government chooses the lower one, there is a substitution between the overall government spending proportion and the spending ratio on the research sector. This is because the government spending has both direct effect and indirect effect on the final-output sector. From the perspective of direct effect, more government spending will cause the final output increasing since it is one of four kinds of inputs in the final-output sector. From the perspective of indirect effect, government could spend more on the research sector and thus causes A increasing, larger A in turn helps produce more final output.
Since more accumulated knowledge causes innovation more efficient, more government spending on the research sector will make the indirect effect exceed the direct one. But if the government spends less on the research sector, the accumulated knowledge is not sufficient enough to design new knowledge efficiently, the direct effect dominates.
For a given government spending ratio g, since Figure 1 . The optimal spending ratio on the research sector.
We know that choosing u will cause consumer to have a lower consumption propensity.
We summarize the analysis above in the proposition below: PROPOSITION 1. In the model of endogenous technological change with government spending, there exists a minimum overall government spending proportion to ensure the economy having an endogenous growth solution. Given a constant government spending ratio strictly larger than this minimum ratio, the government can choose either a higher spending ratio on research or a lower one. A government with the goal of high growth rate on the balanced growth path will prefer to spend more on the research sector. Then for a consumer, consumption propensity to income will be low, and for the government, the scale of the government spending tends to be larger.
Analysis of the Dynamic Transition
Description of the Dynamic Transition Process
We have showed that given the government spending ratio g, the spending proportion on the research sector and labor supply on the research sector will be chosen according to Equations (7) and (8). Then from ( ) ( ) Define
the dynamic transition system for p, q, u and H A can be derived from Equations (1) to (6).But we can simplify it by assuming that the government pursues not only the economic welfares but also the policy consistency. So the government prefers a stable choice of u to varying it according to this system over time.
Hence at the initial, the government will set * u u = for consistency, and then
by Equations (7) and (8). This four-dimension system thus becomes ( ) ( )
And this system describes the dynamic transition process after the government controlling u. 
λ λ be the eigenvalues of the system, then
Hence one of the eigenvalues is negative (assuming 1 λ ), the other is positive (assuming 2 λ ), and the system is stable. Base on the linearized system (10), the purely stable adjustment path of ( ) 0 p , starting from the initial state ( )
Short-Run Analysis
Given a constant g, we assume that the matrix from system (10) does not change between u u = and u u = , and thus the eigenvalues are still 1 2 , The government always prefers u u = ,that is, the government will choose the high spending ratio on the research sector.
2) α β On one hand, the condition above in countries with high overall government spending ratio is easily satisfied, so these countries tend to choose the low spending ratio on the research sector to consume more instantaneously. On the other hand, the condition above helps us understand why some governments, especially in developing countries like China, prefer the low spending ratio on the research sector. Since the stock of knowledge has a positive externality, and the designs are nontrivial that can be costless replicated, developing countries at the beginning have endowed a relatively high stock of knowledge and a relatively low stock of physical capital, and thus have a larger ratio of
return from physical capital accumulation in the final output sector exceeds that from knowledge design in the research sector, the government will weigh more on the production than on the innovation. We summarize the analysis above in the proposition below:
PROPOSITION 2. There would be a dynamic transition process from the initial state to the equilibrium. The government is then likely to take the short-run welfare into account. When the endowed stock of knowledge is substantive and the physical capital just starts to be accumulated, the government will choose the low spending ratio on the research sector.
Conclusions
The paper incorporates government expenditure into Romer's model of endogenous technological change in a manner that government expenditure not only is an input to private production but also helps increase the productivity in the research sector. First, this model derives a minimum overall government spending proportion to sustain an endogenous growth, and this minimum proportion depends on the patience and the labor supply of the economy.
Then it follows that the government can choose between two spending ratios on the research sector to maintain endogenous growth, and thus influences the economy differently. Both long-run and short-run analysis can be taken into account to decide which one to choose. On the balanced growth path, the higher spending ratio on the research sector brings higher growth rate, and is preferred.
But since there is a dynamic transition process for the economy from initial state to the balanced growth path, the lower one will be optimal for a country with relatively high endowed stock of knowledge and relatively low endowed physical capital.
The analysis above only considers a case of central planner who can distribute all the resources appropriately into different sectors, so the model can be extended in the future to consider the optimal allocation of spending in a decentralized economy, and certain compilations between these two economies can be made. Based on the conclusion of the paper, some empirical studies should be carried on to find whether some countries spend the optimal ratio on the research sector. The model also provides a criterion for future analysis to compare between different countries the ratio of stock of knowledge and physical capital.
